PERSISTENCY OF ANALYTICITY FOR QUASI-LINEAR WAVE 
EQUATIONS: AN ENERGY-LIKE APPROACH 
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Abstract. We study the persistence of analyticity of solutions to quasi-linear wave 
equations with real analytic nonlinearity. Specifically, it is proven that the solution 
remains spatial analytic, with respect to some of its spatial variables, during its 
whole life-span, provided the initial data is analytic with respect to these spatial 
variables. In addition, we find a lower bound for the radius of the spatial analyticity 
of the solution that might shrink either algebraically or exponentially, in time, 
depending on the structure of the nonlinearity. The standard L 2 theory for a special 
Gevrey class of regularity, namely, the spatially analytic functions, is employed; we 
also employ energy-like methods for a generalized version of this special Gevrey class 
of regularity based on the l x norm of Fourier transforms. After careful comparisons, 
we observe an indication that the 1 1 approach provides a better lower bound for the 
radius of analyticity of the solutions than the L 2 approach. We present our results 
in the case of period boundary conditions, however, by employing exactly the same 
tools and proofs one can obtain similar results for the quasi-linear wave equations 
and the nonlinear Schrodinger equation, with real analytic nonlinearity, in certain 
domains and manifolds without physical boundaries, such as the whole space R ra , 
or on the sphere S" _1 . 
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1. Introduction 

In this article we investigate a certain Gevrey (spatial analytic) regularity of solu- 
tions to the quasi-linear wave equation 

Uu + u + f(t, x, u, Vu, u t ) = in T n = [0, 27r] n ; 
w(0) = lt , ttt(0) =1*1, 

with periodic boundary condition on u, where / is periodic with respect to the variable 
x. 

If / is real analytic in all its arguments and the initial data are real analytic, then the 
classical Cauchy-Kowalewski Theorem asserts a unique real analytic solution of (11. ip 
for t near 0. Ovsiannikov [2U] and Nirenberg [T7] generalized this theorem to the case 
when the nonlinearity / is merely continuous in t with values as an analytic function 
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of the other variables. It is important to note that by these findings we only know that 
the solution to (II. ip is analytic in a small neighborhood of t = 0. Later, Alihnac and 
Metivier [1] improved this result by showing that the analyticity of solutions to (11.11) 
lasts for as long as a classical solutions exists. Recently, Kuksin and Nadirashvili [13] 
demonstrated a short and more transparent proof of this property (and actually more 
general) based on the nonlinear semigroup generated by (II. ip . Nevertheless, none of 
the above mentioned results provide a lower estimate for the radius of analyticity 
of the solutions to the quasi-linear wave equation (II. ip . We attempt to answer this 
question in the present paper by employing the well-developed Gevrey class theory 
based on energy estimate tools. 

Gevrey class was introduced by Gevrey (1918) to generalize real analytic functions. 
Briefly speaking, a Gevrey class is an intermediate space between the spaces of C°° 
functions and real-analytic functions. The tools and results developed in this paper 
are concerned with special Gevrey class of analytic functions in domains or mani- 
folds without boundaries; specifically, either periodic boundary conditions, the whole 
space or the sphere. In literature, this Gevrey class of spatial analytic functions has 
been a powerful tool for studying the regularity of solutions to nonlinear evolution 
equations, such as Navier-Stokes equations [31 El E], parabolic PDE's [U [TTJ, and 
Euler equations [TJl US] ; see also [2] for persistence of analyticity of solutions of Euler 
equations in domains with physical boundaries. 

In [H] the author investigate the Gevrey class regularity of analytic solutions to the 
Euler- Voigt equations with analytic initial data, and provide rigorous justification to 
the formal tools and proofs that were introduced in [15] (see also [?] for the analytic 
regularity of the attractor of the Navier- Stoke- Voigt mode). Since the Euler- Voigt 
system behaves like a hyperbolic system of equations, we are able to adopt the tech- 
niques of [2] to study the quasi-linear wave equation ( II. ip . Also we draw ideas from 
[7J, in which the author establish the Gevrey class regularity of analytic solutions 
for general nonlinear parabolic equations with analytic nonlinearity. Moreover, the 
authors of [T2], [151 US] provide additional tools for estimating lower bounds of the 
radius of analyticity of solutions to evolution differential equations. 

Next we shall introduce the definition of special Gevrey class of analytic functions 
that will be used in this paper. We set A := yjl - A, thus H p (T n ) = V(A P ) is the 
Sobolev space of functions with the periodic boundary condition. The norm of H p is 
given by 
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where Uj are the Fourier coefficients of u, i.e., u = J2jez n u i e%3 X - ^ Gevrey class of 
analytic functions is defined by V(A p e TA ) with its norm 

\\A p e TA u\\ =[J2 |^| 2 (l + |j| 2 ) p e 2 ^ 1+ l^ j (1.2) 

where r > 0. Note ||-|| denotes the L 2 norm. 

It is easy to see that V(e rA ), r > 0, corresponds to the set of real analytic functions 
with radius of analyticity bounded below by r. 

In this paper we are interested in functions which are merely analytic in some of its 
arguments. So we shall introduce a slightly modified Gevrey class. In fact, we define 
the operator si* : V(*/ p ) C L 2 (T n ) -»■ L 2 (T n ) by gt*u = Ej G z« Uj\f\ p e ij ' x with its 
domain given by 

V{sP) = {« G L 2 (T n ) :u=J2 "j' Yl MVl* < °°}' 

where f represents the first m components of j = (ji, . . . ,j n ) £ that is, j' = 
{jii ■ ■ ■ ijm)i f° r some fixed integer m 6 [1, n). 

With the operators A and we introduce a new "Gevrey-Sobolev" class V{A p e TS ^)^ 
with its norm 

\\AWuW = ( K'| 2 (! + \3\ 2 ) p e 2rm ) ■ (1-3) 

In fact, V(A p e TS/ ) is a Hilbert space. Also note that Corollary 15.21 in the appendix 
states that if u G V(A p e TSl/ ), p > ~ , then u is real analytic in its first m arguments 
(x\, . . . , x m ) and r is a lower bound of the radius of analyticity with respect to these 
variables. 

The paper is organized as follows: in Section |2] we use the Gevrey class T>(A p e TS ^) 
to analyse the regularity of solutions to quasi-linear wave equations and estimate the 
radius of analyticity. In Section E] we work on the same problem by applying another 
type of Gevrey classes based on the i 1 — norm of Fourier transforms. Finally, in Section 
H]we compare these two different estimates via the careful investigation of a nonlinear 
Klein-Gordon equation and conclude that the C 1 approach provides a "better" lower 
bound for the radius of analyticity of the solutions than the L 2 approach (see also 
[19] for this kind of comparison). 

2. L 2 ESTIMATE 

In this section we employ the special Gevrey class T>(A p e Tsg ) to study the analytic 
regularity of solutions to (11. ip . Since the norm fTL3|) of V{A p e Ts/ ) is based on the L 2 
norm, the estimate in this section relies on the standard L 2 theory. 
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We begin with the definition of a solution of (II. ip . Throughout the paper, (•, •) 
denotes the L 2 inner product. 

Definition 2.1. We say a function u G C([0, T];H p+l ), with u t G C([0,T};H p ) 
and u tt G C([0, T]; H p ~ 1 ) is a solution of the initial value problem (II. ip provided 
u(0) = m G w t (0) = u l eH p and 

(«tt, 0) + (Au, A0) + {f{t, x, u, V«, ut), 0) = (2.1) 

for every G ii 1 , and for every t G [0, T]. 

First of all let us deal with a simpler nonlinearity f(t, x, u), i.e., we shall study the 
equation 

Ou + u + f(t, x, u) = 0; ^ 22 ^ 

u(0) = Uq, Ut(0) = Mi, 

where / satisfies the following assumption: 

Assumption 2.2. Let f(t,x,u) = J2je% n 9?(*> M ) e * J where dj(t,u) = YlT=o a jk{t)u k , 
where a,jk{t) are continuous functions on [0,T]. Suppose f has a majorising function 

oo 

: = E E M*)l(l + bfjV^'V (2.3) 
k=o jei n 

converging for all s G R, £ > ; where ro > 0, and j' = (ji, . . . ,j m ), 1 < m < n. 

Remark 2.3. Note Assumption 12.21 implies the following properties of /: it is contin- 
uous in t, real analytic in (x±, . . . ,x m ) G T m , and real analytic (entire) in u G R. In 
fact, for any fixed t > and u G R, f(t,x,u) is, as a function of x, in the Gevrey 
class T>(A p e ros/ ). To see this, we note 



J2m^)\(i + \j\ 2 ye 



2r \j'\ 



oo 



< E E M*)l(l + \j\ 2 ) p e 2 ^\u\ k = g(t, \u\) < oo, (2.4) 

fc=0 j£Z n 

which implies 

j2\cAt,^\ 2 a + \j\ 2 ) p e 2rolfl <oo, 

that is to say f(t,x,u) G T>(A p e r °^). On the other hand, for every fixed t > and 
x G T n , we notice 



f(t,x,u) = <:A> ■<»<■"' = E E ' ;r ""MD ) «* 

jez™ fc=o Vjez™ 
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converges absolutely for all u G K, that is to say, f(t,x,u) is real analytic (entire) 
with respect to the variable u G R. 

In particular, any nonlinear function f(t, u) (independent of x), which is continuous 
in t and real analytic (entire) with respect to u, satisfies Assumption 12.21 

Now we state our first result. 

Theorem 2.4. Suppose the nonlinearity f(t,x,u) satisfy Assumption \2.2\ Let uq G 
T>(A p+1 e as *) and u x G V(A p e as *), where p > § and a > 0. A ssume the initial-value 
problem h2. 2\) has a unique solution u on [0, T] satisfying Definition \2.1\ Suppose r(t) 
is the solution of the differential equation 

T '(t) = -r 3 (t)h{t) with r(0) = min{(j,ro}, (2.5) 

that is, 

r(t)=(W h(s)ds+ . \ ) \ 
V Jo mmjcxVo}/ 

where the function h(t) given in \2. 33\) . below, is positive for all t G [0,T]. Then, 
u{t) G V{A v+l e T ^) and u t {t) G V(A p e T ^), for all t G [0, T]. 

Remark 2.5. Notice that the parameters a and r represent the analytic regularities 
of the initial data and the nonlinearity f(t,x,u), respectively, with respect to the 
spatial variable x, and (12.51) shows the solution is not smoother than either of them. 
Also we see from Theorem 12.41 that the radius of analyticity of the solution may shrink 
algebraically. 

Proof. The proof draws ideas from [3 dU [El [18] , all of which are based on the tools 
developed in [8] (see also [H]). We establish our result by employing the Galerkin 
method. Denote by P/v the L 2 projection onto the span of {^' x }\j\<N- Let u N {t) = 
Su|<jv a N,j(t)z l:> ' x be the solutions of the Galerkin system associated with the initial- 
value problem (11. II) . i.e., un satisfies 

Du N + u N + P N f(t,x,u N ) = (2.6) 

with the initial condition mat(0) = PnUq and u' N (0) = PnU\. Clearly, (12. 6j) generates 
a second-order (2iV + 1)— dimensional system of ordinary differential equations with 
continuous nonlinearity in the unknown functions aN,j{t). By the Cauchy-Peano 
Theorem, for every N > 1 system (12.61) has a solution U]y(t) on [0, T/v] with a^jit) G 

r^ o.v.v;. lor ./ < -V- 

In what follows we focus our analysis on the interval [0, Tjy]. In order to derive an 
a-priori estimate for u^, we follow the standard approach in [7J [8j [Hj. Applying the 
operator A p e T ^ to both sides of ( 12.61) and taking the L 2 inner product with A p e TJ ^u' N , 
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It is clear that 



{A p e TS *u%, A p e Ts/ u' N ) + (A p e TJ2/ A 2 u N , A p e TJ *u' N ) 

+ (A p e^P N f(t,x,u N ),A p e T ^u' N ) = 0. 



(2.7) 



and 



2dt»~" N 

(A p e T ^u%,A p e T ^u' N ) + T'(t) 



2dt \\ A e Ml 



A p ^e T ^u' 



N 



{21 



= (A p+l e T ^u N , A p+1 e T£/ u' N ) + r'{t) A p+l ^e rs/ u N 
Substituting (J2l| and into flU} gives 

\j t {]\A p e^u' N \\ 2 +\\A p+ ^u N 



(2.9) 



< At) 



A p+ 2e T ^u' N 



2 e u N 



+ \\A p e T ^P N f{t,x,u N )\\ \\A p e T£g u 



A' 



(2.10) 



Now we compute the Gevrey norm of f(t, x,un). Lemma [5731 in the appendix shows 
that T>(A p e ) is a Banach algebra, for p > ^, so 

\\A p e^f{t,x,u N (x))\\ 

< \\ AP ^ [&j(t,u N (x))&-*]\\ 



< C \\A p e T ^ Cj(t,u N (x))\\ || A p e T ^e %ra 



(2.11) 



Let us mention Lemma 2 in [7], which states if u G V(A p e TA ) and F be an analytic 
function with a majorising function g , then F(u) G £>(A p e rA ) and \\A p e rA u\\ < 
(1 + C~ 1 )(7o(Cp 1 1 A p e rA u 1 1 ) . By analogy with this result we derive 



fc=0 



Clearly, 



||^P e r^ e ii-x| 



(l + b?)V T|/l . 



(2.12) 



(2.13) 
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If we require r(t) < r , for all t G [0, Tjy], then combining (12 . 1 1 f) - ( T2TT3T) yields 

\\A^f(t,x,u N )\\ 

oo 

< c x E E M*)|Co \\A p e T ^u N \\ k (1 + \j\y e ^'\ 



n k=0 



C ig {t,CAA p e T ^u N \\) < oo 



(2.14) 



We proceed to estimate the nonlinear term g(t, Co \\A p e T£/ UN\\)- Similar to Lemma 
8 in [18j, by using the elementary inequality e 2x < e 2 + x e e 2x for all x > 0, £ > 0, we 
deduce (taking £ = 3) 

\\A?e^u4 2 =J2M\l + \3\ 2 Ye^'\ 

|2 



e 2 WunWhv + t' 



2 e u N \ 



(2.15) 



where 



is a higher regularity term appeared in estimate (I2.10p . 



Inspired by (I2.15p . we intend to obtain a similar estimate for ||yl p e T,e/ ujv|| for any 
integer k > 1. In fact, 

k 



A^u N f = (J2M 2 (l + \j\ 2 ) p e 2 ^ 



< (e 2 E l^f(l + |jf) P + r« E + lii 2 ) P+ ^ 2Tb "' 

By the discrete Holder's inequality it follows 

E wc 1 + bfr 1 ^" 1 



(2.16) 



< ( E M 2 0- + bf) Pe2rb " 



E w 2 ( l + 



3 o^U'lN fe 



< \\A p e T£/ u N 



2(k-2) 



A P+ 



2 e un\ 



A combination of (I2.16P and ( 12 .17p yields 

\\A p e T ^u N \\ k < 2^ (e k \\u N \\ k HP + r 3 \\A p e T ^u N \ 



k-2 



A p n e ^u N 



(2.17) 



(2.18) 



for all k > 2. 
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Notice that ( 12. 18ft is not valid for k — 1. To deal with the case k = 1, we simply 
let k — 2 in (I2.18P followed by taking the square root, obtaining 



A p e T " un < e ||wjv|| hp + T 



A p+ 



2 e u N 



< e ||«at|Ihp + ^ r 



2 e 



(2.19) 



where Cauchy's inequality has been used. 

Applying estimates ( I2.18P and (I2.19P together with the definition (12.31) of g shows 

g(t, C \\A p e T ^u N \\) < g(t, C (V2e \\u N \\ HP + 1)) 

2 



+ r 3 g(t,C (V2\\A p e T£/ u N \\ + 1)) 
Now, combining ( 12TT0|) . ([2TT4D and (|2T20|) yields 



(2.20) 



1 d 
2dt 



\A p e T ^u' 



A p+1 e T£ *u N \ 



N 



< C ig (t,Co(V2e\\u N \\ HP + 1)) \\A p e T ^u' 



N 



+ 



t' + T 3 C ig {t, C {V2 \\A p e TS *u N \\ + 1)) ||v4 p e T ^i4 

2 



iV 



A p+ *e TS *u N 



(2.21) 



for all t G [0,Tjv]. 

In order to use the estimate ( I2.2ip to obtain the Gevrey regularity of the solutions, 
we need to pass to the limit as iV — > oo. Therefore we shall study the convergence of 
un to the solution u. Indeed, if we let r = in ( I2.10p and ( 12.141) . then it follows that 

1 d 
2dt 

Define U N := (u N ,u' N ) and U N (0) = U := («o,%)- Also set U := H p+1 x H p . Then 
(1223) is reduced to 

" ? '\U N (t)\\ H <C ig (t,Co\\U N \\ H ) (2.23) 



i! II 2 



\ u n\\'hp+i) < Cig(t,C \\un\\ hp ) Wu'j 



N\\Hp ■ 



(2.22) 



dt 

Integrating (|2T23|) on [0,t] C [0,7V] gives 



\U 



N 



<\\U N (0)\\ n + C 1 / g(s,C \\U N (s)\\ H )ds 



(2.24) 



Since ||E^v(0)|L < ||^o|L, by the continuity of \\U 4 



N 



W 



there exists a T N G 



[0,7V] C [0,T] such that ||£M*)II W < \\U \\ H + 1, for all t G [0,T N \. Thus, by 
(F2T241) it follows that for all t G [0, T£], 

(2.25) 



v 



« < \\U \\ n + C\t max g (s, C (||C/ |L + 1)) . 
se[o,T] 



Note the right hand side of (12.25P is finite since g is continuous in its arguments. 
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In order to see that T N does not approach as iV — > oo, we demand the right-hand 
side of (I2.25P to be smaller than or equal to Ht/oll^ + 1' t nen we have the inequality 
(T2T25|) holds for all t G [0, T*\ where 

1 



mm 



Thus < T* < T 



N- 



Ci max s6[0 ,T] 9 (s, C (\\U \\ n + 1)) 
for all N, and 



T 



\U 



N 



U 



< \\U \\ n + l on [0,T* 



(2.26) 



(2.27) 



for all N. Moreover, by ( 12. 6\) and ( 12. 2TI) one has uniformly bounded in 

C(0, T*; if p_1 ), and due to the uniform bound (12.27}) of the "H-norm, there exist 
U := (u,Ut) G "H such that Un — > U weak—* in L°°(0, T*; Ti), and u" N —> u tt weak—* 
in L°°(0,T*; H p ~ l ). Then it follows by the Aubin's Compactness Theorem that on a 
subsequence Un — > u strongly in L°°(0,T*; H p ). 

Next we show that u is a solution of (12. 2 p on [0, T*\. By taking the L 2 inner product 
of (12. 6p with an arbitrary <fi G H l we obtain 

«, 0) + (Auff, A<f>) + {P N f{t, x, u N ), 0) = 0. 

To see the convergence of the nonlinearity, we consider 

\\P N f(t,x,u N ) - f(t,x, u)\\ < \\P N f(t,x,u N ) - P N f(t,x,u)\\ 

+ \\P N f{t,x,u)-f{t,x,u)\\. (2.28) 

Now, we estimate the right-hand side of (I2.28p . Since H p <^-> L°°, for p > f, we obtain 
from (I2.27P that there exists C > such that sup 0<i<r . \\uN(t, x)\\ LOB < C, for all iV 
and sup 0<4<T , \\u(t, x)\\ Loc < C. In addition, since J^fcL SjeZ" \ a jk(t)\s k converges 
for all s G M., it follows that Y^T=a^jez n \ a jk(f)\ks k ~ l also converges for all s 6 I. 
Hence, for all t G [0, T*], 

\\P N f(t,x,u N ) - P N f(t,x,u)\\ 

v 

Cj(t, un) — Cj(t, u)\ I dx 



< 



< \\u N 




Emax 
\s\<C 

~ f- 1? n. 1 1 — 



d A 



< \\ Un - u\\j2YsM^ kCk ^ 



l n k=0 



(2.29) 



as — > oo, where we have used the Mean Value Theorem. Combining (12.281) and 
(I2.29P shows (PNf(t,x,UN),4>) — > (f(t,x,u),4>). Thus u is a solution. But by the 
assumption u is the unique solution, and hence one must have u = u on [0,T*]. It 
follows that u N -> u strongly in L°°(0,T*; H p ). 
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If T* < T, then we let the time begins at t = T* and make the extension by 
reiterating the previous argument. By the formula (I2.26P of T*, it is clear that after 
finite number of steps, we obtain a sequence Un — > u strongly in L°°(0,T; H p )). 



So there exists Nq G N such that y2e \\u^ 



HP 



< y/2. 



e \\u 



HP 



+ 1, on [0,T], if 



N > Nq. Due to the fact g(t, s) is increasing for every fixed t, it follows that 

g{t, C (V2e \\u N (t)\\ HP + 1)) < g(t, C (V2e \\u(t)\\ HP + 2)) 

on [0,T], for N > N . 
If we define 



Y N {t) := (\\A p e T ^u' N \\ 2 +\\A p+1 e 



I 2 \ 2 



UN 



and 



^(t) :=C ig {t,C Q {V2e\\u{t)\\ HP + 2)), 



(2.30) 
(2.31) 



then f l2~2T|) reads 
d 



Y N (t)-Y N (t)<£(t)Y N (t) 



T 



' + r 3 C l9 (t, C (V2Y N (t) + l))Y N (t) 



N 



A p+ *e T£ *u N 



(2.32) 



From (I2.32p we aim to find an appropriate r(t) so that Y^{t) has an uniform bound 
on [0, T}. Our approach is similar to the one used in [TU [151 EE]- We set 

h(t) := 1 + C l9 (t, C (V2(Y + J i(s)ds) + 1)) (Y + J i(s)ds) (2.33) 



|2 X l 



where f(t) is given in fl2T3TD and Y = (\\A*e? TJ 'ui\\ 2 + \\A p+1 e a£/ u 
If r(t) solves the ODE 

r'(t) + r 3 (t)h(t) = with r(0) = min{a,r } > 0. 

then we claim: 

C l9 (t,C (V2Y N (t) + l))Y N (t) < h(t) 

for all t G [0,T). To see this, we follow the argument in |14j . Obviously ( 12. 35ft holds 
if t = 0, and therefore by continuity it holds for a short time [0, i*) where t* is the 
supremum of all t satisfying (I2.35p . We suppose that t* < T. A combination of ( I2.32p . 
(12341) and ([2735]) implies 



(2.34) 



(2.35) 



jY N (t) < m 

for all t G [0,t*]. Integrating (I2T361) on [0,f] gives 



Y N (f) < Y N (0) + [ i{t)dt. 

Jo 



(2.36) 



(2.37) 
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By ( 12.33!) . (I2.35j) and (12 . 3 7f) along with the fact g{t*, s) is increasing with respect to 
s, we obtain (I2.35P holds at t — t*, and can thus be extended in time beyond £*, 
contradicting the definition of t*. Hence the assumption that t* < 7 must be false. 
It follows that fl2T35|) holds for all t G [0,T), which implies f[2736|) holds on [0,T]. 
Therefore 



Y N (t) < Y N {0) + [ Z(s)ds <Y + [ Z(s)ds 
Jo Jo 



(2.38) 



for all t G [0,7). 

Finally, we aim to prove the Gevrey regularity of the solution (u, Ut) by passing to 
the limit iV — )■ oo. Select an arbitrary 7 G (0, 7\. Since r(t) is decreasing, r(T) < r(t) 
for all t G [0, 7). Therefore, for all t G [0,T], one has 

' A*e< f ^u' N {t) 2 + A p+1 e T ^u N (t) 



< 



\A p e T ®"u' N (t)f + \\A p+1 e T ^u N (t) 



|2 \ 2 



(2.39) 



It follows that un are uniformly bounded in C([0,7];V(A p+1 e T ^)) and are 
uniformly bounded in C([0, 7\; V{A p e T ^ T ^)). By the Aubin's Compactness Theorem 
(see |21j), for any e > there exists a subsequence un such that un ^ u strongly in 
C([0,7};V(A p+1 - £ e T ^)), and along with fl2T39|) . we obtain 



A p+1 -e T(f) '^(t) 



f(s)ds. 



for all t G [0,T]. By employing the Lebesgue Monotone Convergence Theorem for 
the counting measure, we may take the limit as e — > 0, and it follows 



A p+l e T{f) ^u{t) <Y + Z(s)ds 



for all t G [0,T]. Therefore u{7) G £>(A p+1 e T(f) *0, and since 7 G (0,T] is arbitrary, 
we conclude that u{t) G V(A p+1 e T ^) for all t G [0,7]. 

In order to show u'(t) G T>(A p e T< ^^) for all t G (0,T], we apply the operator 
A P-i e r(T)^ tQ both gide of (j2jj) f ii 0W ed by taking the L 2 -norm, obtaining 



< 
< 



A p+1 e T ^u N 
A p+1 e T ^u N 



A p e T ^f(t,x,u N 

"A p e T ^u N 



+ 



+ C\ max g ( t, C 

te[o,f] 
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and along with ([2739]) it follows that u" N is uniformly bounded in C([0, T]; V{A p - l e T{ ? 
Also by pi]) we know are uniformly bounded in C{[0,f};V{APe T( - f ^)). Thus, 
similar to the previous argument we may deduce that u t (t) G V(A p e T ^) for all 

te[o,T}. □ 

Remark 2.6. In the proof of Theorem 12.41 we have essentially justified the existence 
of a solution of the initial value problem (I2.2p . The uniqueness of solutions can be 
obtained by routine arguments. 

Remark 2.7. Define o"o = min{a, r }. If we set r(t) to be a constant <7o in the 
inequality (12.101) and (12.14[) . then we obtain 

j t y{t)<C ig {t,y{t)) 



where y(t) = ^WAPe^u'^t)]] 2 + \\AP+ 1 e (T ^u N (t) f. Since y(0) is finite, by the 
continuity of g, we see that y(t) is finite for a short time T' . However T' may be 
smaller than the life span T of the solution. The bottom line is that the lower bound 
r(£) of the radius of analyticity of a solution can remain constant for a short time but 
need to decrease in order to prevent the blow up of the Gevrey norm. 

Next we consider the equation ( II. ip with the general nonlinearity f(t,x,u, Vu,u t ) 
which satisfies the following assumption: 

Assumption 2.8. Let 

f(t, x, u, Vit, u t ) = Cj(t, u, Viz, u t )e l:) ' x 

where c^u^u,^) := J2 p a jP (t)vP°i4\ ■ ■ ■ u^ n+1 , (3 = (fa, fa, . . . , (5 n ) e N, 
a,jp{t) are continuous functions in t. Suppose f has a majorising function 



n+2 
> 



g(t, s , si, . . . , s n , s n+ i) :— 2J 6 /3 (t)so°s^ 1 • • • s^"s 



0n e^i+l 
n 6 n+l 



/3eN™+ 2 



converges for all (s , «i, • • • , s n , s n +i) G lR n+2 ; t > 0, where bp(t) := Yjj&™ K'/3WI(1 + 
\j\ye*ro\3'\ ) r Q >0. 

Remark 2.9. Similar to Remark 12.31 one can see that Assumption 12.81 implies / is 
continuous in t, real analytic (of special Gevrey class of regularity) in (x\, . . . ,x m ) G 
T m , and real analytic (entire) with respect to the rest arguments. In particular, any 
nonlinear function f(t, u, Vw, u t ) (independent of x), which is continuous in t and real 
analytic (entire) in the other variables, satisfies Assumption 12.81 

The following result is concerned with the Gevrey regularity (the class of real 
analytic functions) of solutions to general nonlinear wave equation (II. ip . 
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Theorem 2.10. Let u e U(A p+l e aJ *) and m G V(A p e a ^) where p > f and a > 0. 
Assume the initial-value problem U.l\) has a unique solution u on [0,T] satisfying 
Definition \2.1\ Suppose r(t) is the solution of the differential equation 

r'(t) = —r(t)r](t) with r(0) = min{<7, ro} 

that is, 



r(t) = min{(T, r } ■ exp 



r](s)ds 



where T](t) > 0, for all t > 0, is defined in / fQ31) below. Then, u{t) e V(A p+1 e T ^) 
and u t (t) e V(APe T{t ^), for all t 6 [0, T] . 

Proof. Note the following estimates are formal, which can be justified rigorously using 
the Galerkin method similar to the proof of Theorem 12.41 Suppose u is a solution of 
(11. ip . By referring to (I2.10p we have 

\^(\\A p e T ^u t \\ 2 + \\A p+l e T ^u\ 
2dt\ 11 11 11 1 



< r'{t) 



2 e u t 



A p+ h T ^u 



+ \\A p e rj *f(t,x,u, Vu,u t )\\ \\A p e r ^u t \\ . 

We shall evaluate the nonlinear term || A v e TS ^ f{t, x, u, Vw, u t ) ||. 
Like (12. lip one has 

\\A p e TJ *f(t,x,u,Vu,Ut)\\ 

<J2 C ° \\A p e T *Cj(t,u,Vu,Ut)\\ ||A p e r£/ e^|| . 

Recall Cj(t, u, Vw, u t ) := J2p ajpitfu^Uxl • ' • u xZ u t" + \ where P = (A), A, 
Ng +2 . By Lemma [5.31 we obtain 

HAV^c^u, Vu,ut)\\ 



(2.40) 



(2.41) 



< CJ2 MCf' 1 \\A p e T ^uf° J] \\A p e T > 



TS/„,\\P0 



u 



TS/t„ \\Pn+l 



A p e T ^u 



Xf 



(2.42) 



k=l 



where |0| = EK&. 

It follows from (1213]) . (TCTj) and f l2T42|) that 

||A p e Ti/ /(t,x,M, Vu,u t )\\ 

< Cg (t,C \\A>e T "u\\,C \\A*e T "u xl \\ ,C \\A p e^u Xn \\ ,C \\A p e T ^u t \\) . 



(2.43) 



Next we estimate the right-hand side of (12.431) . 
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For k = 1, . . . , n with /3k > 1, similar to ( 12.151) - ( |2 . 1 9 f) we compute 
\\A p e T 



u 



< \\a p+1 ' ,t '^ 



e u\ 



< 



e 2 EK-| 2 ( 1 + ^'| 2 ) P+1 



+ T w^+2) \uj\ 2 (i + \j\ 2 ) p+1+ mh2) e 2 ^'\ 



< e 2 \\uf HP+1 + rw^+v \\A p+1 e TJi/ u\\ 2 ^ ^ ( " +2) ) 



A p+ 'ie T ^u 



/3fc(«+2) 



(2.44) 



where the Holder's inequality has been used. Taking the square root on both sides of 
(I2.44p immediately gives 

\\A p e TS *u n " 



< e|M|„ p+1 \\A p+l e TJ2/ u\\ l ^ 



Hence 



i+2) 



/9fe(" + 2) 



2 

n + 2 



for > 1 where & = 1, . . . , n. 
Similarly, we have 



\\A p e 



< 2 11 



0o-l / o /9 ||„,||A> 



I hp 



2 

n+2 



for /3q > 1. Also, for f3 n+ \ > 1 one has 



\A p e TJ2/ u t \f n+1 



< 2* 



-i-i 



II ll^+i-n 



A p+ 2e r£/ Mi 



n+2 



For the sake of notations, we denote 



and 



Ik '■— e ^ fc ll^llj^p+i > k — 0, 1, . . . , n, 
7 „+i :=eP~» 



4 := (1 + \\A p+1 e Ts/ u\\f k ~^, fc = 0,l,...,n, 
5„ +1 :=(l+||A p e T ^||)^ +1 -^ 



2 
-1+2 



(2.45) 



(2.46) 



(2.47) 



(2.48) 



(2.49) 
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We remark that k , k = 0, 1, . . . , n + 1 can be zero in (12. 48j) - ( 12^91) . 

Furthermore, we let a = (a , ai, . . . , a n +i), where «t = or 1, for all k 
0, 1, . . . , n + 1. Also denote \a\ := Ylk=o a k- 

By fT2^5D - fl2T49D one has 



A P e T ^u\f J} \\A p e T "u Xk \\ P k \\A p e Ts/ u t 



TSi '. \\Pk II AP„TSl/„. \\Pn+l 



k=l 



< 



2 [fl-(n+2) ^ 



<» n+l 
fc=0 



n+l 

<2^ + 2)-Q 7fc 

k=0 

+ 2 l/?|-(n+2)^ (l+r( j A p+l 



+ 



n+l 



ri + 2 



fc=0 



for any (/3 , . . . , /3 n +i) e Ng +2 . It follows that 



l7# (t,C \\A p e TS/ u\\ ,C \\A p e Ti 



u 



n+l 



C \\A p e TS/ u Xn \\ ,C \\A p e T ^u t \\) 



< 



o cKI n + 2 k = 



+ 



A p+ -2e T ^u 



/3eN™ 



n+l 



n + 2 



(2.50) 



To estimate the right-hand side of (I2.50p we notice 



n+l 



C bp(t)clf l (2^+2^-^11 



Ik 



/ 9GN™+ 2 



k=0 



= Cg(t,2C ,...,2C ) 

+ ^g{t, 2eC \\u{t) \\ HP+1 , . . . , 2eC \\u{t) \\ HP+1 , 2eC \\u t {t) \\ 
:= K{t). 



(2.51) 
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n+1 



n + 2 



a^6 



k=0 



n+1 



n + 2 



fc=0 



< 2(7#(t, 2eC [l + IkH^+a + \\A p+1 e T ^u\\] n ^ 



2eC [1 + ||u|| HP+1 + \\A p+1 e T ^u\\] n+ \2eC [l + 

:= V (t, , Kllfl, , \\A p+l e^u\\ , ll^e^H) 

It follows from (j23D|l -( |232) that 



HP 



+ ||A p e r ^||] 



n+2 



(2.52) 



(7# (t, C \\A p e T£/ u\\ , C \\A p e T£/ 



2 



,Co||^e^ n ||,C ||^e^ t ||) 
l^e^Mijl) 



X 



+ 



If we set 

Y(t) := (^\\A p e T ^u t {t)f + ||A p+1 e r ^(t) 
then by ( |2^0|) . (g3SD and (T2~53|) we arrive at 

y (t)y'(t) < «(t)y(t) + [r'(t) + r(t)y(t)v> (t, , IM^ , y(t), y(t))] 



2\ 2 



(2.53) 
(2.54) 



x 



Now we define 

T)(t) := 1 + if) ^t, \\u\\ HP+1 , \\u<t\\HP 

x I F + / n(s)ds 



,Y + K(s)ds,Y + / K(s)di 
Jo Jo 



(2.55) 



where k, if) are defined in ( I2.5ip and (I2.52p respectively, and Yq = (\\A p e a,s/ ui\\ 2 + 



1 1 j4 p+ 1 e CT,c/ Wo 1 1 2 ) 2 . Thus, if r(£) solves the differential equation 

r'(t) + r{t)r](t) = with r(0) = a > 0, (2.56) 

then analog to the proof of Theorem 12.41 we may conclude that Y(t) is finite for all 
t G [0,T], i.e., u(t) G V(A p+1 e TS/ ) and Ut(t) G P(^e ri/ ) for all i G [0,T]. □ 
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3. i 1 ESTIMATE 

In this section we employ a different Gevrey class of real analytic functions, which 
is based on the i 1 norm of the Fourier transform, to study the analytic regularity of 
solutions to nonlinear wave equations. This type of Gevrey classes of real analytic 
functions was introduced in [19J. In Section H]one will see, as it was also demonstrated 
in [19], that such Gevrey class has its advantage of evaluating the radius of analyticity 
of solutions. 

Let u G L 1 (T n ) with its Fourier series Yljez n u j e%3 x ■ Then the i v norm of its Fourier 
transform is given by 




If \\u\\ £P < oo, we denote u G £ p . 

According to [19] the generalized Gevrey norm is defined by 




where f stands for the first m components of j = (ji,---,j n ) £ i- e -> f — 
(ji, . . . ,j m ) for some m < n. Furthermore we set 

G T (£ P ) := {u G L\T n ) : \\u\\ GAtf) < oo}. (3.2) 

In the following we use the Gevrey class G T {£ 1 ). 

For clarity purposes we demonstrate the estimate for the wave equation (I2.2p with 
the nonlinearity f(t, x, u), and briefly discuss the general system (11. ip in Remark 13.21 

The following theorem is concerned with Gevrey regularity of solutions with initial 
data in the Gevrey class G (7 (£ 1 ). For the sake of comparing different estimates in the 
next section, we assume the existence of the same type of solutions as in Theorem 

E3J 

Theorem 3.1. Assume f(t,x,u) satisfies Assumption \2.2[ Let Auq andui G H p (T n ), 
p > "j, and Auq, u\ G G cr (£ 1 ). Also suppose the initial value problem li2.S\) has a 
unique solution u on [0, T], satisfying Definition \2.1i If r(t) solves the differential 
equation 

T '(t) = - T 2 (t)~h(t) with r(0) = min{r ,a}, 

where h(t) defined in A3.11\) below is positive for all t G [0,T], then Au(t) and u t (t) 
both belong to the Gevrey class G T (t){£ 1 ), for all t G [0, T\. 

Proof. The following calculations are formal. Let the solution u{t) = J2jez n u jif) e ^' X i 
where Uj(t) are Fourier coefficients. By assumption, the nonlinearity / is in the form 
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f(t,x,u) = Ejez« (EfcLo a jk(t) uk ) e l ^' x . Then since u is the solution of the equation 
u tt — Au + u + f(t,x,u) = 0, we obtain for all j G Z", 

ZGZ™ fc=l V miH \-m k =j-l / 

where mi, . . . , m], e Z n . 
Thus 



miH \-mk=j—l 

vfju'j + (1 + |i| 2 )%^ + o iQ + E« eZ n Er=i a «fc Emi+- ■ ■+m k =j—l U fni 
Adding these two identities yields 



|(Kf + (i + b1 2 )N 2 ) 



<2|«;i 

If we denote 



im + E E 



iez" fc=i 



E 

miH \-m k =j-l 



U 



mi 



It 



Tlfc I 



(K| 2 + (l + |jf)Kf)" 



then ( 13. 3 p implies 

OO 

k- i + EE E 



If 



mi | 



\U 



m k I 



iSZ" k=l 



miH \-m k =j- 



It follows that 



d 
dt 



fWlJ'Vj-) < r'(t)\ 3 \e Tm v 3 + e T ^l J "l|a i0 | 



+^ )li ' l EE 



igZ" fc=l 

Now, a summation over all j G Z n gives 



E 

miH \-m k =j-l 



U 



mi | 



mfc I 



| f £ ^n) ^ ' f E i^ T "''«) + E 



a T(i)|i'| 



it 



m k 



u 



m k 




0. 



l«io| 



+ EK'EE 



«6Z™ fc=l 



E 

TOlH hm k =j-l 



U 



■mi | 



If 



m fc | 



(3.3) 



(3.4) 



(3.5) 
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To evaluate the last term in (13.51) . we rearrange the order of summations, obtaining 



EK'EEm E 

Z<=Z n k=l mi A Ym h =j-l 



"mi | ' ' ' | | 



E E ( w E e " m E 

j£Z n mi-\ \-m k =j-l 



"mi | ' ' ' | ^rrifc | 



k=l l£Z n 
oo 



k=i iez™ 



< EE ( M^'' E E (e^Wj)"--(e^W fc l) 

jdU 1 miH hnifc=i— i 

KK""' 1 1 E eTb '" 



sEE 

fc=l l<=Z n 



\Uj\ 



(3.6) 



provided r(t) < r , for all t > 0, where we have used the Young's inequality for 
convolutions. 

Combining ( 13. 5 p and ( 13. 6 p gives 



dt 



E eT|i Vi) < r' ( E lil^'Vi) + E eT(t)lj "'l^ 

oo 

+ EE 



fc=l 



Me-"'' ( E eT ' J "' 



(3.7) 



Like the proof of Theorem 12.41 we apply the elementary inequality e x < e + x e x for 
x > 0, t > 0, and it follows 



(e^'mV 

Vjez™ / 

< Yl e M + E ^\j\^ Tm \uj\ 

\jez n jez n J 



k 

\ +2 k-l T 2 


E \j\^ t1j ' 1 \u 




VjeZ™ 


k 




\ +2 k-l T 2 


^E eTb "'^-i) 



Jfe-1 



< 2 k ~ l e k 

Vjez™ 

where we have used the discrete Holder's inequality. 



Eb'i 



2 e^"l|u,-| 



(3.8) 
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A combination of (13. 7p and ( 13. 8ft yields 



\j& n / 



oo 

k=i iez n 



»T(t)|i'|| fl . 



|a i0 | 



+ 



fc-i' 



Uj\ 



k=l igZ" 



^ ./ < f <Pi • (3-9) 



If we define 



y(t) = J2 e rm \M 



the estimate (I3.9P is reduced to 



y\t) < g(t,2e \\u(t)\\) + [r' + r 2 g(t, 2y(t) + 1)] ( £ tf|e T| *Vi 



Therefore, similar to Theorem 12.41 we set 



h(t) = l + g\t,2y(0)+2 J g(s,2e u(s) ^ds + l 

and let r(t) solve the differential equation 

r'(t) + T 2 {t)~h{t) = with r(0) = min{r , a}, 
then it can be shown that 



e 1 ' 







[ 9(s,2e 


u(s) 


/o 





(3.10) 



(3.11) 



(3.12) 



Note for p > |, if p is imbedded in £ x of the Fourier transform. Since the solution 

u G C([0,T]; H p+1 ) and Au , mi G G t ( 4 )(£ 1 ), it guarantees that the right-hand side of 
(I3TT2|) is finite for all t G [0, T). 
By ([32D and (l3TT0|) . it follows 



Y, eAj M\ + E e r|/| ^TTWkil < 2y(*), 



(3.13) 



and since Am = Xljez™ M i V 1 + \j\ 2e ^' X i we obtain from (l3.12l) -( l3~T3l) that Au(t) and 
Wt(i) both belong to the Gevrey class G T ( 4 )(£ 1 ) for all t G [0, T]. □ 
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Remark 3.2. For the wave equation ( II. II) . which features the general nonlinearity 
fit, x, u, Vw, u t ) satisfying Assumption 12.8} we can still study the regularity of its 
solution by employing the Gevrey class G T (^ 1 ) and estimate the radius of analyticity 
of the solution. Similar to Theorem 13. 1[ we conclude if Au and Ui G H p (T n ), p > | , 

and Auq, U\ G G -(£ 1 ), and the initial value problem (II. ip has a unique solution on 

[0, T], then Au(t) and u t (t) both belong to the Gevrey class G T {t)(Z l ) for all t G [0, T], 
provided r(t) solves the differential equation 

r'(t) = —T(t)fj(t) with t(0) = min{r ,o"}, 



where the function 7](t) > 0, for all t G [0, T], depending on 



Aur 



Au{t) 



and 



ut(t) 



e 1 



. The proof of this result combines techniques from Theorems 



12.101 and 13.11 and we omit the details. 



4. Comparison of the L 2 and i l estimates 

In the previous sections we use two different Gevrey classes to investigate the 
analytic regularity of solutions to nonlinear wave equations. In order to compare 
these estimates we consider a nonlinear Klein-Gordon equation: 

Du + u-u k = 0, k>2. 

u(0) = M , U t (0) =Ui 

with the periodic boundary condition on u. Under this scenario we can carry out 
more accurate calculations due to the relatively simple structure of the nonlinearity 
in (14.11) . Our purpose is to give an evidence, as it was done in [19], to demonstrate 
that the C 1 estimate can be more precise than the L 2 estimate for evaluating the 
radius of analyticity of solutions. 

First we employ the Gevrey class G r (^ 1 ) to study the regularity of the solution to 
(14. ip . In fact we have the following result. 

Proposition 4.1. Let Au and U\ G H p (T n ), p > | , and Au , u{ G G -(£ 1 ). Suppose 
the initial value problem ( [^. 1\ ) has a unique solution u on [0, T] satisfying Definition 
\2.1\ If r(t) solves the differential equation 

T '(t) = -T k+1 (t)hx(t), with r(0) = a, (4.2) 

where h\ is a positive function defined in ( [^.5] ), then Au(t) and Ut(t) both belong to 
the Gevrey class G T ( t )(£ 1 ) for all t G [0, T]. 
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Proof. Following the estimate in the proof of Theorem 13.11 we reach 



V?6Z n / VjGZ n 



if ^t) 



(4.3) 



\u. 



121 2 



where (fj = [|^-| 2 + (1 + |, 

Next, we evaluate the last term in (14.31) . The estimate will be slightly different 
from (I3.8p in the proof of Theorem 13 . 11 Indeed, in the estimate (13.81) we require the 



exponent of r, on the right-hand side of the inequality, to remain the same for all 
k > 1, i.e., we demand the term r 2 appears in the estimate, no matter what the value 
of k is. This is important when we calculate the summation over all k > 1. But in 
the Klein-Gordon equation (14.11) the nonlinearity is a monomial u k , which provides 
us more freedom to perform the evaluation. By using the inequality e x < e + x e e x for 
all x > 0, £ > 0, we deduce 

\ k 

\Un' 



< 

< 2 k ~ 



k + l . fc + 1 



E ^' 

n 

E e N + 

\jez n J Vjez™ / 

+ 2 k-i T k+i \j\ e ^' 



< 2 k ~ 1 e k 



E 



E l^"" 1 



u ; 



where we have used the discrete Holder's inequality. 

If we let y(t) = Ysjez™ e T( * )|j Vj, then its follows from (TO]) and (jOJ) that 



j' 

k-l„k 



y'(t) < 2 k - l e 
Now, we define 



u 



(*)||* + V + 2 fc -v+y- i (t)] ( £ ble rb 'V, 



/ il (t) = l + 2 fc - 1 ly(0) + 2' c - i e 



1 + 2y(0) + 2 ft e 



u(s) 





(^) 








ds J 







fc-1 



fc-1 



Therefore if r{t) is the solution of the differential equation 

r'(t) + r fc+1 (t)/n(t) = with r(0) = a, 



(4.4) 



(4.5) 
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then y(t) < y(0) + 2 k ~ 1 e k f* u(s) ds for all t G [0,T], i.e., Au(t) and u t (t) both 

belong to the Gevrey class G r (t)(£ 1 ) for all t G [0, T}. □ 

In order to do the comparison, we study the same problem ( 14.11) by employing the 
Gevrey class V(A p e Ts/ ) defined in fTOj) . 

Proposition 4.2. Let u G V(A p+1 e a ^) and m G V(A p e a ^) for p > § and <r > 0. 

Assume the initial-value problem OT^P /ias a unique solution u on [0,T] satisfying 
Definition ^. 1\ If r(t) satisfy the equation 

T '(t) = -r k+1 (t)h 2 {t) with r(0) = a, (4.6) 

w/iere 



fc 2 (t) = 1 + (c Y + ^C k (eV2) k \\u(s)\\ k HP ds 



(4.7) 



where Y = (\\APe a ^ux\\^ + || A p+1 e^ u^f)^ , then u(t) G V(A p+1 e T ^) and u t (t) G 
V(A p e T ^) for all t G [0,T]. 

Proof. Follow the estimate in the proof of Theorem 12.41 and adopt ideas from the 
calculations in Proposition 14.11 We omit the details of the proof. □ 

Remark 4.3. Notice the equations (I4.2p and f !4.6[) are almost identical except the 
functions hi and h 2 . Thus in order to compare the lower bounds of the radius of 
analyticity r(t) given by Propositions 14.11 and 14.2} we shall compare the values of 
hx{t) and h 2 {t) for t G [0,T]. 
Indeed, we consider 

2 



U 



< 



E( 1 + w 2 )~ p 
(j2(i+\j\r p 



l 2 W 



Ua 



\n\ 



Hp 



From Lemma 1531 below we know that Cq = 2 2p+1 Yljezn(l + \j\ 2 ) p , i-e. 



E( 1 + ^'i 2 )" p 



3& 



22p+l 



< 



4 ' 



(4.8) 



(4.9) 



for p > n/2. It follows from (@~8]) and (0~9]) that 



us 



vjez™ 

•t 



|w(s)|| HP ds 



< C fc 2" fc 



|m(s)|| Hp rfs. 



(4.10) 
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Finally, we notice that 

y(0) = J2 e* U Vi(0) 



< hCa+bfr) (E e2<Tb " l ( 1 +i^i 2 )^?(o) 

Co /|| ad^j*„, II 2 , II /tP+l„a.c/ ll 2 ^ 



< (J|AV"*Ui|| + ||A p+1 e^ Mo |rJ = -y^o. (4.11) 
By substituting (14TTU]) and fl4TTT|) into (fl~5]) we obtain 

ht{t) <\+{c Y + e k C k Q j\\u{s)\\ HP d^ < h 2 (t) (4.12) 

for all t G [0, T], if k > 2. It follows that the £ 1 estimate provides larger radius of 
analyticity than the L 2 estimate does. Indeed, the reason of this fact is simply the 
imbedding 

Tl 

\\u\lii < C(p) \\u\\ HP if p> -. (4.13) 

As pointed out in (TH], the inequality ( 14. 13ft becomes increasingly unsaturated - it 
has a large gap between its left and right hand sides - when u is dominated by 
contributions from high wavenumbers. For example, if we set u(x) = e imx , then the 
right hand side of (14.131) increases with m, while the left hand side remains constant. 

Remark 4.4. Another way to see the advantage of £ l estimate is to study the scaling 
behavior of the radius of analyticity with respect to physical parameters. In fact, for 
the equation 

u u - vu xx + Xu - u 3 = 0, (4.14) 
[T6] gives an explicit real analytic periodic solution 



u = V TT^ sn (y {i + Jw-v) {x " ct) ) (415) 

where sn is a Jacobi elliptic function with the modulus m, and c 2 > v > 0. Notice 
that, the ODE which describes the steady states of (14. 14[) was considered in [19] 
and it was shown that the estimates on the radius of analyticity obtained by the 
usual Gevrey class approach do not scale optimally as a function of the physical 
parameters, and in order to remedy it, the authors gave a modified definition of the 
Gevrey class based on the i x norm of Fourier transform which was shown to yield a 
sharp scaling behavior of the estimates on the radius of analyticity. Their discovery 
can be verified here as well, for the Klein-Gordon ( 14. 14j) . For instance, it is easy to 
see from the explicit solution (I4.15P that, as v — > the radius p of analyticity of u has 
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the same asymptotic behavior with CV^, that is, p ~ CV2, where C is a constant. 
By carrying out similar evaluations as in Propositions 14. II and 14.21 we find that r(£), 
a lower bound of the radius of analyticity of the solution to ( 14.141) . obtained by the 
i 1 Gevrey estimate scales optimally as v — > 0; while the usual L 2 Gevrey estimate 
shows r ~ Cv 1 , which is lack of sharpness since p > |. But we omit the detail of 
calculations. 

Remark 4.5. Finally, we comment that, by using Fourier transforms instead of Fourier 
series, our results in the paper are also valid for quasi-linear wave equations in the 
whole space R n or on the sphere S" _1 . One refers to [18] for Gevrey estimates of 
Navier-Stokes equations in M 3 , and to (U [5] on § 2 , using spherical harmonics as a 
basis instead of the trigonometric functions in the periodic. Furthermore, the tools 
and results presented here can be extended in a straightforward manner to other 
equations, such as the nonlinear Schrodinger equation with real analytic nonlinearity. 
Another important example is the following Cauchy problem for wave equations with 
exponential nonlinearities in the two-dimensional space: 

u tt -Au + we" 2 =0 on IxR 2 . (4.16) 

Ibrahim et al. [9] established the global well-posedness (in time) of (I4.16p . for 
(C°°(IR 2 )) initial data of restricted size. Later, Struwe [2"2"| 123] improved this re- 
sult and removed the restriction on the size of initial data. Since the nonlinearity 

2 

ue u is analytic in u, the results and tools presented in this paper are applicable to 
(I4.16P with real analytic initial data in M. 2 . Thus, by combining our results with the 
global regularity result of Sturwe [221 123] one concludes that the solution of (I4.16P 
remains analytic for all t > 0, provided the initial data is real analytic in M 2 . 



5. Appendix 

In the Appendix we prove some properties of the Gevrey classes used in the paper. 
For more on Gevrey classes, see [7J [SJ [T5J US! EES]- First we show the Gevrey classes 
G T (£ 1 ) and T>(A p e TS ^) correspond to functions which are analytic in certain arguments. 

Lemma 5.1. Let u(x) = Ylije% n u j e ^ x > where x = (xi,...,x n ) G T n , such that 
J2jez n l M il eT '' ? '' < 00 f or a M T e (0)°"); where j' = (ji, . . . ,j m ), m < n. Then u is 
real analytic in the variable (x%, . . . ,x m ) G T m with uniform radius of analyticity a. 
That is, the function u{z\, . . . , z m , x m+1 , . . . , x n ) = J2jez n Wje l( ^™= lJfc2fc V ( ^= m + 1 ' ?fc:rfc) 
is analytic in the variables z±, . . . ,z m , where = x^ + iy^, in the domain x G T n , 

Em 1 12 ^ 2 
k =i iVkf < o> 

Proof. Notice that the function e*^™= i:,fcZfc ^e l ^ fc = m + 1 - ?fcXfe ^ is entire in the variables 
Zi,...,z m . Thus we need to show that, the series Y^jeZ n Uje l ^™= ljkZk ^e t ^=™+ ljkXk " > 
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is convergent uniformly for all x E T n , Y^k=i \Uk\ 2 < t 2 < a 2 . In fact, 

I^He^^^He^^+i^l < \uj\e Mj>l < ^ \uj\e T ^ < oo. 

□ 

Corollary 5.2. Let u E V(A p e T ^) for all r E (0, a). If p > n/2, then u is real 
analytic in the variables ) E T m with uniform radius of analyticity a. 

Proof. By Holder's inequality, we have 

E ^''M £ f E n-W) 2 fed + W'^'M 1 ) 1 < - 



if p > f . □ 

The next result states the Gevrey class T>(A p e T ^) is an algebra. 

Lemma 5.3. If u and v are in the Gevrey class T>(A p e T ) with p > n/2, then their 
product uv E V(A p e T ' af ) and 

\\A p e T£/ (uv)\\ < C \\A p e T£/ u\\ \\A p e T ^v\\ 



where C = 2P ^2^,^(1 + \j\ 2 )- p . 

Proof. Similar to Lemma 1 in [7j with careful estimate of the constant Co- □ 
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